This paper presents a mathematical model for a model-scale unmanned helicopter robot, with emphasis on the dynamics of the flybar. The interaction between the flybar and the main rotor blade is explained in detail; it is shown how the flapping of the flybar increases the stability of the helicopter robot as well as assists in its actuation. The model helicopter has a fast time-domain response due to its small size, and is inherently unstable. Therefore, most commercially available model helicopters use the flybar to augment stability and make it easier for a pilot to fly. Working from first principles and basic aerodynamics, the equations of motion for full six degree-of-freedom with flybar-degree of freedom are derived. System identification experiments and results are presented to verify the mathematical model structure and to identify model parameters such as inertias and aerodynamic constants.
INTRODUCTION
There has been a great deal of interest in the dynamics of unmanned helicopter robots since the last decade, as such unmanned aerial vehicles (UAVs) are being rediscovered. They are an excellent cost-effective and safe way to replace human operators/pilots in military, civilian, and commercial areas when there exist significant threats to human lives, or when the environment is not suitable for large human-carrying vehicles. However, helicopter robots are well known to be inherently unstable due to their small size. Over the years, improvements in the design led to the use of an aerodynamically damped gyroscopic device called the flybar, which has become an almost mandatory stability augmentation device for most modern model-scale helicopter robots.
The main contribution of this paper is the detailed modeling of the flybar with the main rotor blade and the fuselage movement. This paper also describes the mathematical model that we have derived specifically for a helicopter robot, as well as the system identification experiments we have conducted. The model is based on a rigid-body description of the helicopter, with four actuation inputs representing the four stick positions available to the remotecontrol pilot. Once the mathematical model has been developed, system identification experiments are performed both to verify the structure of the model and to identify some of the unknown model parameters, such as inertias and aerodynamic coefficients.
The outline of the paper is as follows. First, we briefly review some previous work on helicopter modeling. In Section 3, we describe the flybar mathematical model that we have derived, working from first principles and basic aerodynamics. Section 4 describes the system identification technique for identifying the uncertain parameters and presents our results. The paper concludes with a comparison between our nonlinear model and the linear model from ref. 1 and a short summary.
RELATED WORK
Although there is an extensive literature dealing with the model-scale and full-scale helicopter modeling, direct mathematical modeling of the flybar has been sketchy at best. Researchers have devised linear 1, 2 and nonlinear 3, 4 mathematical models of model helicopters based on the full-scale helicopter models, but with little emphasis on the flybar. System identification 1, [5] [6] [7] has also been applied frequently to a linear, parametrized model to avoid the complexity involved with detailed modeling, although all of these ID results are only valid near the nominal hover condition. With most identification works, it is difficult to correlate the identified numerical parameters with the physical parameters, so the understanding of the flybar dynamics still remains incomplete.
Extensive linear 8, 9 and nonlinear [10] [11] [12] [13] [14] [15] [16] modeling and identification 17, 18 works for full-scale helicopters are also available, but most papers are primarily concerned with the aero-elastic flapping rotor mechanism with the rotor hinges modeled as a spring. This is not the primary stabilization method employed by the model-scale helicopter robots; the rotor hub is hingeless and the main blades are too stiff to flap. The flybar dynamics are the dominant stabilization force.
Although some researchers do mention the existence of the flybar used for full-scale 19 and modelscale helicopters, 1, 20 the authors have been unable to find any recent papers which explain the exact nature of the flybar and its effect on the stability of a model helicopter in a concrete mathematical way. This mechanism is typically discussed by intuition, experience, or a linear numerical identification is used without any explanation of the fundamental dynamics. The main result of this paper is to present this first-principles modeling which has been lacking in the existing literature. At best, Mettler et al. 1 provide a simple decoupled flybar dynamic model, though based on an incorrect assumption that the flybar's restoring forces are entirely centrifugal. Bramwell 21 shows a simple uni-directional flybar dynamic expression for full-scale helicopters without any derivation.
MATHEMATICAL MODEL
Many full scale helicopters have a hinge, either freeflapping or spring-mounted, on the rotor blades, so that the plane of the rotor can be tilted with respect to the helicopter. Such a hinge system allows the rotor blades to flap, increasing the stability. Even helicopters with hingeless rotors still have a significant amount of rotor flapping action, giving a similar kind of stability. However, this flapping behavior increases the time needed for the helicopter to respond to control inputs, and this is the main reason why the flapping mechanism is not used as a stability augmentation device for most small model-scale helicopters.
Most helicopter robots with a rotor span under 1.5 m have a hingeless, stiff rotor hub design, which forces the position of the fuselage to remain almost fixed with respect to the rotor disc. This results in faster response times, and gives the remote pilot a better sense of motion of the helicopter. However, since the time-domain response of a model helicopter is much faster due to its small size, without any extra stability augmentation devices, a human pilot would have difficulty controlling it. In almost all model helicopters, a large control gyro with an airfoil, referred to as a flybar, is used to improve the stability characteristic around the pitch and roll axes and to minimize the actuator force required. In addition, an electronic gyro is used on the tail rotor to further stabilize the yaw axes.
In this section, we derive the dynamic equations of motion for the model helicopter including its actuator dynamics, with detailed emphasis on the flybar dynamics. A Full 6-DOF helicopter model is also included for completeness. The equations are based on rigid body dynamics, 22 as well as basic aerodynamics and helicopter theory. 23, 24 Once the structure of the model has been determined, system identification techniques will be used to validate the model and determine the unknown model parameters.
As shown in Figure 1 , our modeling is based on a commercially available model helicopter called Ikarus;
25 most other brands of model helicopters have a similar structure. The rotor hub is hingeless with a pair of small o-rings supporting the two main blades. It has a 1.02 m rotor span and weighs 1.36 kg without the onboard battery. A sensor is attached to the tail fin to measure the position and orientation of the helicopter with respect to an inertial frame. Figure 2 shows some of the onboard components, including a radio receiver which receives command inputs from the remote control box, a motor with a motor controller, four different servos (pitch and roll cyclic, collective pitch, and yaw servo), and a gyro sensor. The single electric motor drives the main and tail rotors simultaneously via gear trains and a timing belt.
Coordinates and Frames
As shown in Figure 3 , there are two frames that we consider: the reference inertial frame and the body frame attached to the helicopter. The transformation between the two frames is given by the homogeneous transformation matrix
where the rotation matrix R IB represents the relative orientation between the two frames. The rotation matrix can be expressed in coordinates using yaw-pitchroll (ZYX) Euler angles as Although this representation is singular at =Ϯ/2, we do not expect to operate the helicopter in that orientation (pointing straight up or down). Thus, we will do most of our derivation in coordinates, where (x I ,y I ,z I ) are the coordinates of the position of the helicopter with respect to the inertial frame and , , are the Euler angles of the helicopter with respect to the inertial frame. There are several different velocities that will be used to write the dynamic equations. The linear velocity of the helicopter with respect to the inertial frame is v I ϭ͓ẋ I ẏ I ż I ͔ T . This velocity can also be expressed in the body frame, The sensor receiver is attached to the tail to minimize the electromagnetic interference from the motor. The sensor transmitter is fixed to the ground, although different locations were chosen to minimize the distance between the transmitter and receiver depending on the nature of experiment. Because the sensor arrangement already requires the helicopter to be tethered, we power the helicopter motor using a 12 V car battery.
The angular velocity of the helicopter will also be needed. The angular velocity of the helicopter with respect to the inertial frame, expressed in the body frame, is denoted B and can be computed as 
Rigid Body Equations
We will model the helicopter as a rigid body moving in space, ignoring the effects of the spinning rotor. Although this is not physically true, this assumption helps us to collect all the various inertia effects such as main and tail rotor dynamics into a simple constant mass-inertia matrix. This assumption will be justified through the system identification in Section 4. ͬ. (2) The external forces and torques expressed in the body frame are f B and B . The body force f B includes aerodynamic drag terms D F , the main and tail rotor thrusts T and T T , and the gravitational force mg:
Torques include the three main directional torques M , M , M as well as a torque due to the offset of the rotor hinge Tᐉ r , and the motor torque m :
The longitudinal offset between the rotor axis and the helicopter's center of gravity is ᐉ r . Usually this offset is expected to be small for better handling quality. Nevertheless, we will assume this quantity is nonzero for generality. The gravitational acceleration constant is g. It is assumed that the helicopter's center of gravity is in-line with the rotor axis laterally, because most components such as motor and gear trains are located along the x B -z B plane, with y B near zero.
The four independent inputs to this model are T, the net thrust generated by the rotor, and M ,M ,M , the net moments acting on the helicopter. These four inputs are physically controlled by two joysticks on the radio transmitter, each with two degrees of freedom. The left joystick commands throttle with collective pitch (up/down) and yaw (left/right), and the right joystick commands pitch cyclic (up/ down) and roll cyclic (left/right). This is the most popular configuration used in the U.S. (type Figure 3 . The coordinates defined. The inertial frame is fixed to the ground, and the body frame is fixed to the helicopter. The relative rotation between the two frames is given by the rotation matrix R IB , or equivalently by the ZYX Euler angles (,,), and the relative displacement is given by the vector ͓x I y I z I ͔ T . The rotor disc is an imaginary plane drawn by the tip of main rotor blades.
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1 ). The four values representing the positions of the sticks are encoded in a pulse-width modulated (PWM) signal, and sent via radio link to the helicopter.
To match with our experimental measurements, we will also consider the transformation of the Newton-Euler equation (2) into a new set of coordinates, q, which includes the inertial position and velocity of the helicopter, the Euler angles, and the body angular velocity:
The transformed equations become
where ⌼ is the inverse of the matrix shown in ( Note that this expression highlights the singularity of the representation at =Ϯ/2.
Aerodynamic Modeling
Before developing the actuation equations, we introduce some basic aerodynamic terms that will be required. We will assume the rotor system is completely rigid (there is no aeroelasticity effect), and that the airfoil is symmetric and nontwisted. The aerodynamic interaction between the rotor and the fuselage is neglected. The aerodynamic expressions are based on 2-D analysis. This type of modeling is often called level-1 modeling and is appropriate for low bandwidth control and to observe the parametric trends for flying qualities and performance studies. 24 The rotor span, R, is assumed to be the distance between the rotor axis and the rotor tip. We neglect the effect due to ''root cutout,'' where there is no rotor blade at the hub area. 23 The model helicopter's rotor blade remains nearly rigid due to its short length (0.4 to 0.8 m), high rotor speed (1200 to 1900 rpm), and hingeless hub design; we assume the rotor is perfectly rigid with no twist.
The descent ratio, , represents the air speed component perpendicular to the rotor disc. 28 To define it, we first need to find the velocity of the hub point with respect to the inertial coordinate frame represented in body coordinates; we denote this velocity by v q b . The coordinate of the rotor hub point in the body frame is q b ϭ͓ᐉ r 0 Ϫh r ͔ T . The constants Ϫh r and ᐉ r are the offsets of the rotor from the helicopter's center of gravity in the x B and z B directions, respectively; the rotor hub is in-line with the center of gravity in the y B direction:
The descent ratio, , which is the airspeed component perpendicular to the rotor disc, can be found as the magnitude of the third element of v q b , nondimensionalized by R⍀:
When the helicopter is hovering, this ratio will be very small and may be ignored. The inflow ratio, , is the net value of the descent ratio and the induced air velocity. The velocity of the air through the rotor blade v i is defined to be positive when the flow is along the z B -axis and is nondimensionalized by R⍀.
We choose not to model in any more detail in this paper due to its inherent complexity:
The most important parameter in determining the lift force is the angle of attack of a blade, which is the angle between the centerline of the blade and the blade velocity vector with respect to the inertial frame. The angle of incidence, which is the angle between the centerline of the blade and the reference frame (such as the rotor axis), is not related to the aerodynamic effects. The lift curve slope, a, is the 1 In some countries, people prefer the yaw and the roll controls switched (type I).
slope of the function of the lift force versus angle of attack of the main rotor blade; 29 we assume here that a is a constant.
Flybar Dynamics
The dynamics of the rotor and the flybar are the most significant elements in the creation of the forces and moments on the helicopter. The actuator dynamics include as states the flapping angle and velocity (␤,␤ ) of the flybar and the position and angular velocity (,⍀) of the main rotor blade. As mentioned before, the flybar plays a major role in augmenting the stability of a model helicopter. The flybar mechanism is sketched in Figure 4 . The original concept of this design came from full-scale helicopter stabilization devices first used in the 1950s. The Bell stabilizing system had a bar with weights at each end, and the flapping motion of the bar was governed by a separate damper. The Hiller system replaced the damper and the weights with an airfoil. During the early 1970s, the design was simplified and improved for model-scale helicopters. 30 This system is often called a Bell-Hiller mixer, because it incorporates some of design aspects of both Bell and Hiller designs. The fundamental concept for the model helicopter's rotor hub design is identical to the Hiller system, although the mechanical detail resembles the Bell system. Since the early 1970s, the design of the model helicopter's rotor hub has gone through many changes and improvements; it reached its current state in the early 1990s. The rotor hub design presented in Figure 4 , hingeless with Bell-Hiller mixer, represents currently the most popular and widely accepted design as the best compromise between performance and stability. However, it is suited more toward aerobatic maneuvers than smooth near-hover maneuvers that do not require large and fast pitch or roll movements. Stability can be increased if the Bell input is removed and/or the main blade is allowed to flap, but the helicopter would then respond more slowly. 
An important assumption at this point is that the rotor system does not apply reaction forces back to the actuators, including the flybar (the flybar is considered to be another actuator to the main blades). This is equivalent to assuming the actuators are able to apply infinite amount of forces to the airfoils. This assumption is reasonable because the airfoil of the main blades is symmetric and the blades are hinged along the center of lift. Ideally, the moment required to rotate the blade at this point should be very small. 29 When a cyclic input is applied by the pilot, the flybar creates lift which tilts the flybar disc. The flybar acts not only as a main blade angle actuator but also as a stabilizer. If the cyclic input were applied to the main blades only, large control forces on the cyclic servo actuators would be required. 31 By applying the cyclic control to the flybar and allowing the flybar to apply a secondary cyclic input to the main blade, the servo load is significantly reduced.
The flybar is hinged on the main axis to flap freely and rotate around the main axis while remaining 90°out of phase with respect to main blades. Therefore, its yaw angle with respect to the body frame is Ј=+/2. Its flapping (pitching) angle, ␤, is measured with respect to the plane perpendicular to the main rotor axis. The roll motion of the flybar changes the angle of attack of the flybar, fly . However, one can safely neglect the contribution of this motion in deriving an expression governing ␤, because of the flybar's small inertia. The roll motion of the flybar only affects the lift created by changing the angle of incidence of the main rotor blades. The rotation matrix which relates the flybar position to the body coordinates of the helicopter is denoted R BF ; that is,
As before, the rotation matrix between the helicopter body frame and the inertial frame is R IB . The rotation matrix relating the flybar frame to the inertial frame is thus the product of the two:
The rotational inertia of the flybar Î is unified as I f ; this is a reasonable assumption because most of the flybar mass is concentrated at the tip region. There are n rotor blades (in our helicopter, nϭ2):
The angular velocity of the flybar F involves the velocity of the flybar and the helicopter simultaneously; it can be found by computing R IF T Ṙ IF :
Note that the flybar velocity can be expressed as the contribution of the helicopter motion expressed in the flybar frame and the contribution of the flapping of the flybar. We will assume that the rotor angular velocity is constant; thus, Јϭ ϭ⍀.
The external moment applied to the flybar around the pitch axis is F2 ; it is mainly created by aerodynamic lift. To find the total torque, we integrate along the length of the flybar. Since we will only be interested in the second of these three equations, we will not consider the first and the third elements in any detail:
The constant tip loss factor B takes into account the fact that a finite length airfoil would lose some of the lift generated due to the wing tip vortex effect. 23 This effect is applied by ''reducing'' the length of the blade by the factor of B. Tip loss is often set to Bϭ0.97. 23 The lift element dL depends on the angular velocity of the flybar and its angle of attack fly . The angle of attack of the flybar will be influenced by the pilot input ␦ fly and the ratio between the second element of the angular velocity vector of the flybar F2 and ⍀. 24 Correction factors ␣ 1 and ␣ 2 have been included to compensate for the simplified aerodynamics; they will be identified experimentally in Section 4:
Once the external force, angular velocity, and inertia have been defined, the motion of the flybar can be described using the Euler equation.
The second of these three equations describes the flapping motion of the flybar. The small angle approximation is used for ␤ since it should not exceed about Ϯ25°. For example, if roll motion only is considered, the second equation of (17) becomes the following:
The above expression is similar to the Bell stabilizing bar equation from a full-scale helicopter. 21 In the absence of aerodynamic forces and external moments, the flybar behaves as a gyroscope, maintaining its orientation relative to inertial space, 23 as shown in Figure 5 . An external disturbance would upset the helicopter angles and , effectively changing ␤. This nonzero ␤ acts to apply an appropriate compensation input to the main blade cyclic control system to stabilize the helicopter. Figure 6 compares the behavior of the model with and without the flybar.
Creation of Forces and Moments
Once the flybar dynamics have been found, the rest of the actuator dynamics can be derived. The four independent inputs to the rigid body dynamics are the thrust generated by the main rotor blade T, the moments created by the main rotor blade around the roll and the pitch axes (M and M ), and the yaw moment M .
Main Rotor Thrust
The throttle/collective command ␦ o controls the thrust to the main motor (T) as well as the collective Figure 5 . The stabilizing effect of the flybar. In a hovering situation, the flybar angle ␤ is zero. If a wind gust or other disturbance knocks the helicopter out of its equilibrium, the flybar, which is hinged freely, will continue to rotate in the same inertial plane. Its angle with respect to the main blade becomes nonzero, and it will help bring the helicopter back to equilibrium through its action on the cyclic angle of the main blade. Figure 6 . The roll response of the helicopter with respect to the roll moment disturbance is compared by simulation using the analytic model presented in Section 3.6. With the flybar, the response tends to settle within about 0.3 s. Simulating the no-flybar condition by setting ␤=0, the helicopter reacts more strongly to the disturbance and takes longer to settle. pitch ( o ) of the rotor blades. As the blade pitch increases, more lift is created, and the rotational motion of the main rotor blade is converted into vertical thrust. We define ␦ o as the collective pitch angle measured when the helicopter is at rest. The mechanical linkages in the collective control system of Figure 4 introduce significant compliance; thus, a secondorder mass-spring-damper model is used to model the actual collective pitch angle o while flying:
An adequate torque m linked to ␦ o is applied to keep ⍀ constant. Sometimes, an electronic throttle governor is used for this purpose, but mostly an empirical curve determining the necessary functional relationship between m and ␦ o is programmed into the radio transmitter.
The expression for the rotor thrust T near hover in terms of the collective pitch is obtained from 28 Tϭ
This is an expression of the average thrust contribution about one revolution of the rotor blades; the average contribution of the cyclic pitch is zero.
Pitch and Roll Moments
The pitch and roll commands vary the cyclic pitch ( cyc ) of the rotor blades around each cycle of rotation, creating different amounts of lift in different regions (as shown in Figure 7 ). These differing amounts of thrust create a moment around the rotor hub, and can thus create pitch and roll moments on the helicopter. The moment created by a roll cyclic input is derived by summing the forces around a revolution and along a rotor blade. As per Figure 7 , a positive pitch input ␦ produces a roll moment M , but acts as a pitch moment M due to the precession effect. 23 For clockwise rotating blades, this effect is taken into account by adding /2 to the sine and cosine functions in the argument of the integral:
Note that the above expression represents the average moment created by the rotor blades around a revolution. We assume that the rotor angular velocity is constant; thus ϭ⍀t.
The lift element equation is similar to the flybar lift used in Eq. (14):
Geometrically, the cyclic pitch angle cyc is affected by two different kinds of inputs as shown in Figure 4 : a direct input by the pilot and an indirect input from the flybar. The geometry of the hub linkages indicate that cyc will be the weighted sum of these two inputs. Aerodynamically, similar to the flybar, the angle of attack of the main blade will also be influenced by the ratio between the second element of the angular velocity vector of the main blade M2 and ⍀.
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To find the angular velocity of the main rotor blade M2 , we use a similar derivation method to that of the flybar case. The rotation matrix which relates the main blade position to the body coordinates of the helicopter is denoted R BM . Since the main blades do not flap, the pitch angle is zero. Also the roll angle is neglected: Figure 7 . The top view of the helicopter. The lift distribution on the rotor disc when a forward cyclic (pitch forward) input is applied. Viewed from above, when the blade rotation is clockwise and a forward cyclic input is applied, there will be less lift on the left side and more lift on the right side due to the cyclic pitch change. The resulting moment is applied to the main axis 90°later due to the precession effect. Since the blade spins clockwise, the smaller lift on the left side applies a pitch down moment as a result. The helicopter will then pitch forward.
The rotation matrix relating the main blade frame to the inertial frame is R IM ϭR IB R BM . Similar to the flybar case, correction factors ␣ 3 and ␣ 4 were added to compensate for the simplified aerodynamics; they will also be determined in Section 4.
Therefore,
The cyclic angle cyc , and hence the pitch and roll moments, depend on the pitch and roll inputs through ␦ rm as well as on the flybar flapping angle ␤.
Yaw Moment
The tail rotor on a helicopter is used to counteract the yaw moment created by the main rotor blades and to give a yaw directional control; thus, altering the amount of pitch on the tail rotor blades can create more or less total yaw moment for the helicopter. The motor yaw torque applied to the helicopter body by the motor is denoted m and is modeled as proportional to the throttle/collective input ␦ o :
The yaw command ␦ is the collective pitch of the tail rotor blades. There is no cyclic input for the tail rotor blades, only a collective pitch angle. The angular velocity of the tail rotor blades is related to the angular velocity of the main rotor blades through a constant K ⍀ . This is realized by a simple gear connection or a pulley:
The thrust generated by the tail rotor is found in a similar manner to the thrust of the main rotor (20) , replacing with the values from the tail rotor where appropriate:
The subscripts T indicate that the values pertain to the tail rotor. The thrust of the tail rotor times the distance L T between the main and tail rotor axes creates the yaw moment on the helicopter to counteract the spin of the blades. In addition, there is a damping term in the equation for M due to the presence of an electronic gyro on the model helicopter. A simple linear model K g B3 is used, although more sophisticated (PI controlled) gyros are now available:
Complete Model
A block diagram of the complete mathematical model of the helicopter is shown in Figure 8 . The inputs ␦ are the four stick positions of the model helicopter, and the outputs q are the rigid body positions, orientations, and velocities. Internal variables include the rotor orientation , the flybar flapping angle ␤, and the collective pitch angle o . The following set of differential and integral equations relate the input to output:
␦ fly ͑ ͒ϭϪ
This set of system equations cannot be easily simulated because the flybar flapping angle ␤ is a function of the rotor angle , but the roll moment Eq. (21) cannot be solved directly unless ␤ is expressed explicitly in terms of . For simulation purposes, we approximate the flapping angle ␤ as a sinusoidal function around each revolution:
where
␤͑͒.
Using this approximation, the integrals in Eq. (21) can be computed analytically:
The system model can thus be reduced to a set of purely differential equations. A Simulink block diagram of the model has been built, and is used to compare the model with data taken as described in Section 4. In the simulation, the parameters ␤ max and max are determined for each rotor blade revolution. The ␤ and B terms in the M and M pitch and roll moments serve as damping terms in the rigid body equations, increasing the stability of the system from the double-integrator model. Figure 9 shows typically how ␤ max reacts to a pilot input. In Section 4, we will use this mathematical model, together with experimental data, to estimate the physical parameters of the helicopter model along with the correction factors used in the model. 
SYSTEM IDENTIFICATION
The main purpose of the system identification is to find physical parameters used in the previous mathematical modeling section. Because of the complexity of the nonlinear model, the system identification is performed on a SISO basis, using specially-built stands to restrict the motion of the helicopter to one degree of freedom. Four different stands were built to isolate the fuselage motion into a set of simple SISO systems. For example, for pitch motion, only the pitch cyclic input was excited. All other inputs including collective, roll cyclic, and tail rotor control were fixed at a near trim input condition. The stand only allowed pitch motion, and therefore only the pitch angle was measured, and the transfer function from the roll cyclic to the pitch motion was identified using standard system identification techniques. Mathematically, the stand makes the roll and yaw inertia nearly infinite as the large inertia of the stand is added to the inertia of the helicopter, effectively preventing the motion in roll and yaw axis.
Going back to the full nonlinear model derived in Section 3, the nonlinear equations were restricted to the SISO case (for example, pitch) and linearized around the hover condition to determine the continuous transfer functions for each degree of freedom. The coefficients of this transfer function are then compared to the identified SISO linear to determine the unknown parameters. Although other researchers have used MIMO identification techniques 1, 6 to find stability derivatives, SISO identification is better suited for our purpose as we are interested in identifying actual physical parameters.
Similar to the approach presented in ref. 33 , the system identification is performed in the discretetime domain using input-output data taken by flying the helicopter on the stands. The coefficients of a discrete-time transfer function of the same order as the continuous-time transfer function are identified using the direct least squares method. The transfer function is then converted into state space form, where the matrix logarithm method with zero-order hold is used to directly convert into the corresponding continuous-time transfer function. By keeping all the parameters numerical, we can avoid dealing with the nonlinear coefficients which arise when the continuous-time transfer function is converted into the equivalent discrete-time transfer function analytically.
A Polhemus sensor 34 is used to measure the position and orientation of the helicopter: full six degree-of-freedom information (x I ,y I ,z I ,,,) is output data are taken at 50 Hz for a total of approxiavailable at 50 Hz. As shown in Figure 10 , the sensor consists of a board connected to the PC's ISA slot, a transmitter, and a receiver. The transmitter is fixed to the earth and sends out a magnetic field via three orthogonal inductors. The receiver, fixed to the helicopter, senses the strength and the orientation of the magnetic field and sends this information back to the PC. The sensor has a static accuracy of 0.5 in. rms for the x I , y I , and z I position and 2 degrees rms for the , , and orientation. To obtain a reliable SISO ID result, we found that it is important to carefully design a stand which allows the helicopter to move in one direction for each ID session. Four different stands were used separately for each degree of freedom; they are shown in Figure 11 . Each stand was constructed to be sturdy yet light-weight to minimize the influence of the stand dynamics. The input and output data are taken at 50 Hz for a total of Figure 10 . A sketch of the experimental setup for the system identification of the helicopter's physical parameters. The helicopter is controlled through the radio transmitter by a human pilot. The computer is used to record the input data from the transmitter and the output data from the sensor simultaneously. approximately 40 s duration for each degree of freedom. Due to the difficulty of maintaining an exact trim at the beginning of data collection, the helicopter is simply disturbed around an upright trim position. However, applying the system identification algorithm at this point could lead to an incorrect result due to the possibility that the collected data is disturbed around a nonzero trim. A linear identification model should be based on an assumption that the collected data is disturbed exactly from trim. To solve this problem, we first define the collected input and output values as X c , trim values as X , and disturbed data as X . We can then write
Although finding the exact value of X can be difficult, since the helicopter is disturbed around a trim with upright position, the average of X c should be nearly equal to X :
The above should be even more true when the data is collected for a sufficiently long time. We can therefore obtain X from (27) and (28) for our identification:
Once the input-output data have been taken and stored for the isolated single DOF motion, the data is preprocessed using Eq. (29) . The system identification algorithm is then run to estimate the discretetime transfer function coefficients. The initial condition of the system is also estimated using a leastsquares method. The input data and the estimated transfer function are used to simulate the output data, and the simulated and actual output are compared. Ten independent identification sessions were run with similar results; the numerical results in Sections 4.1-4.3 are the results of one of these sessions.
Pitch and Roll Identification
The main purpose of the pitch and roll identification is to find the inertia terms I xx and I yy used in Eq. (2),although the coefficients ␣ 1 and ␣ 2 must also be determined. The derivation will be done here for the roll equation; the pitch equations are similar. First, we substitute the approximation ␤Ϸ␤ max cos(Ϫ max ) from Eq. (26) into the roll-restricted equation for the flybar flapping angle ␤ given by (18) , resulting in the following expression:
where, to simplify the notation somewhat, the terms P 1 and P 2 are defined as follows:
Note that P 1 and P 2 can be determined by direct measurements of helicopter parameters. The lift curve slope a is taken to be 6 (ref. 23 ) and the flybar inertia I f is computed using basic physics and the mass of the flybar. Now, we collect terms in sine and cosine from the roll equation, resulting in
where, again, new notation has been introduced to simplify the expression:
Applying the trigonometric identity,
Eq. (30) can be rewritten as
which implies that the magnitude and phase terms on both sides of the equation should match:
Our system ID experiment suggests terms involving 2 , , 4 and their coefficients are small in general. Based on this fact, solving for ␤ max 2 yields the following expression:
Neglecting 1/⍀ 2 , which is also small, we get a perfect square, and use the approximation
Next, we need to solve for max . Inspecting the magnitudes and signs of C 1 -C 4 , we can determine that, for roll motion,
and, therefore, max Ϸ.
We now substitute ␤ max and max into the expression for M from (21),
can be measured directly. We now have an analytic coefficient for a simplified linear transfer function describing SISO roll dynamics:
We now have a transfer function with parameters to be identified by comparing with a numerical identification. However, the expression contains not only I xx , but also ␣. We therefore need to determine appropriate ␣ before finding I xx . This task is not straightforward because ␣, I xx , I yy and the 6-DOF simulation all depend on each other. One can nevertheless find a suitable set of parameters to obtain a reasonable solution.
An ID was carried out to obtain a discrete transfer function H (z) and H (z), with two poles and two zeros. Before ID, the roll output data was filtered using a first-order low-pass Butterworth filter with the cutoff frequency at 1.5 Hz:
This transfer function is then converted into an equivalent continuous transfer function H (s), using a matrix logarithm method with zero-order hold. Ignoring small coefficients for the numerator and assuming the pole at sϭϪ0.503 to be at the origin,
We apply the same technique for the pitch motion; the pitch output data was filtered using a firstorder low-pass Butterworth filter with the cutoff frequency at 1.0 Hz: Meanwhile, a reasonable match is achieved between the true data and H(z), as shown in Figure 12 . For the roll motion ID, the mean-squared error between the actual output a and the simulated output s from the estimated transfer function is computed as follows: Figure 12 . The comparison between the simulated outputs based on the identified discrete time transfer functions and the actual outputs from the experiment, given the identical input command history separately. The initial values for the simulation was also determined with least squares method using the first 50 points from the experiment.
Typical values for this error are on the order of a few degrees, which is of the same order as the accuracy of the sensor.
To determine the validity of the single-axis identification, an experiment was performed in which both pitch and roll motions were commanded by the pilot. The input-output data were collected, and the input data were used with the single-input transfer functions to simulate both the pitch and roll outputs. The results from this experiment are given in Figure  13 . There is some coupling between the pitch and roll motions, but it does not overwhelm the dominant single-input effects. A sampling of the mean-squared errors is given in Table I .
Yaw Identification
By comparing H (z) with a second-order yaw dynamic model from Eq. (2), we can obtain parameters such as I zz and K g which are uniquely related to the yaw dynamics. We first rewrite the yaw dynamic equation for hover by considering the yaw moment input M and yaw angle output only: We then linearize about hover, using the reference value ␦ ϭ0 when there is no yaw moment, to get
Before ID, the output data was filtered using a fifth-order low-pass Butterworth filter with the cutoff frequency at 5 Hz. After using the identification procedure similar to the roll and pitch case, and ignoring the near-infinite zero at sϭϪ104 and assuming the pole at sϭϪ0.0245 to be at the origin,
We can then find the parameters, I zz ϭ0.0332 kg·m 2 , K g ϭ0.408 kg·m. 
Heave Identification
We can also simplify the heave motion dynamic model from Eqs. (2) and (20) for the hovering condition. Selecting a nominal value of o at hover gives the equation
where,
6m .
Since our identification was done near ground environment, the approximated ground effect, K 2 z, was not negligible. Further investigations indicated that there was significant mechanical compliance in the collective pitch control system, and Eq. (19) was added to the system model:
Combining the equations (19) and (33), we arrived at a fourth-order continuous-time transfer function;
Similar to the yaw case, we identified the discrete transfer function H z (z) with four poles and four zeros, then converted this into a continuous transfer function. Before ID, the input data was filtered using a third-order low-pass Butterworth filter with the cutoff frequency at 5 Hz. The output data was filtered with first order at 10 Hz. Ignoring the small coefficients in the numerator, 
Identification Summary
Note that one could simply use the identified transfer functions from the roll, pitch, yaw, and heave identification directly without going through the simplification presented in the last sections. However, those ignored or neglected poles and zeros basically represent unmodelled dynamics not included in Eq. (2). Therefore, those terms do not guarantee the usefulness for all operating conditions. Standard deviations for identified parameters were determined by repeating the identification session ten times. Input and output data were collected for 10 min, then divided into ten sections for ten different ID sessions. Table II summarizes all the parameters identified.
COMPARISON BETWEEN THE NONLINEAR AND LINEAR HELICOPTER MODEL
As mentioned in Section 2, there exist a number of linear helicopter models that can adequately represent helicopter dynamics near hover condition. In this section, we will compare our nonlinear model with the linear model presented in ref. 1 , and demonstrate how the nonlinear model is able to represent the dynamics of the helicopter at angular positions well beyond the nominal hover region. The values used in the simulation are given in Table III . Note the model in ref. 1 is based on a Yamaha R-50 industrial helicopter with a 10-foot rotor span, which is much larger than our Ikarus helicopter with a 3-foot rotor span. However, we can still see the fundamental difference between the two models in the following.
Both starting from a hover condition, we apply a pitch input ␦ for 1 s to increase the pitch angle to about 45°, then a yaw input ␦ is applied for 1 s to rotate the helicopter 90°clockwise. All other inputs remain constant. As shown in Figure 14 , after those two inputs are applied, the roll angle is now near 45°and the pitch angle is now near zero. Therefore, due to the nonlinearity involved with the rigid body dynamics, there is an ''angle-reversal'' between and . When similar inputs are applied to the linear model by ref. 1, such coupling effect is almost absent. As shown in Figure 15 , the roll and pitch angles change only little with respect to the changing yaw angle. In fact, this result is common to all other linear helicopter models. This comparison implies the necessity of a nonlinear model when a helicopter is performing aggressive maneuver, which often requires large control inputs and large deviations from the hover condition.
CONCLUSIONS
In this paper, we have derived a complete mathematical model for a model-scale helicopter robot, experimentally identified the key parameters of the model, and verified the model through simulation. The main contribution of the work is the model of interaction between the flybar and the main rotor blade. A flybar is typically used on model-scale helicopters to augment the stability and aid in actuation. Understanding the dynamics of the rotor hub is an essential part of modeling a helicopter robot. The nonlinear flybar modeling presented should provide an insight into the delicate mechanism which should provide a way to improve the existing mechanism for better stability and control characteristics for different helicopter robots. Furthermore, when the robot is maneuvered beyond near hover attitude with large cyclic control input, significant coupling between each Euler angle demands a nonlinear modeling to better predict the motion of the helicopter. The result of this work will be of interest to researchers and developers working in the increasingly important area of small, autonomous aerial vehicles.
NOMENCLATURE
a main rotor lift slope a T tail rotor lift slope B tip loss factor c,c 2 ,c T main/flybar/tail blade chord length D F x,y,z fuselage profile drag forces along body coordinates dL,dL m differential lift elements for flybar and main rotor blade dr differential length elements for flybar and main rotor blade f B external force applied along body coordinates g gravitational acceleration h r distance between rotor disk and CG, parallel to rotor axis Î rotational inertia matrix of flybar I 3ϫ3 3ϫ3 identity matrix I f flybar moment of inertia in flapping I xx,yy,zz,xz fuselage rotational moments of inertia I rotational inertia matrix of helicopter K g gyro gain for tail rotor K m motor reaction torque gain K ⍀ proportional constant relating ⍀ to ⍀ T K 1 ,...,K 6 proportional constants used for identification ᐉ r distance between rotor axis and CG, perpendicular to rotor axis L T distance between tail rotor axis and CG L 1 ,...,L 9 linkage lengths in rotor hub assembly m helicopter total mass m F Flybar mass per length M ,, net moments on helicopter M ␦ yaw moment due to pilot input n number of main/flybar/tail blades r position along the main rotor blade Figure 14 . The simulated angular response of the Ikarus helicopter with respect to our nonlinear model when pitch and yaw input are applied sequentially. Even when there is no roll input, the helicopter is rolled 45°after the inputs are applied. 
